In this paper, we study the design problem of multivariable fractional-order (FO) PID controllers which guarantee the stability of the FO closed-loop systems. The idea is to transform the problem of FO PID controller design to that of static output feedback (SOF) controller design for an FO system in descriptor form. In terms of linear matrix inequalities, the PID gains can be found once the SOF matrix is obtained. Finally, a numerical example is provided to illustrate the effectiveness of the proposed method.
INTRODUCTION
Fractional-order (FO) systems have attracted increasing interests, mainly due to the fact that many real-world physical systems are better characterized by FO differential equation [2, 3, 9, 23, 25, 27] . The stability analysis of FO systems has been widely investigated, and there have been many stability results related to the continuoustime FO systems [4, 11, 14, 19, 25, 26, 27] and discrete-time FO systems [10] . For FO-LTI systems with interval parameters, the stability and the controllability problems have been addressed for the first time in [22] and [6] , respectively. On the other hand, for the FO controller design problem, many authors have done some valuable works [20, 24, 28] and applied them to control a variety of dynamical processes, including integer-order and FO systems, so as to enhance the robustness and performance of the control systems. While for interval FO systems, in [16] and [15] , authors have investigated the stabilization problem of 0 < α < 1 and 1 ≤ α < 2, respectively.
Recently, FO PID controller design such as P I α , P I α D β , has been increasingly used in the control area by more and more researchers [17, 18, 23] . Compared with the classical PID controller, FO PID controller have the potential to improve the control performance [1, 8, 21] , because extra real parameters α and β are involved. However, to the best of our knowledge, there are two common assumptions for the considered plant, which are (i) The plant can be modeled as first or second-order systems, even plus a time delay item. (ii) The plant is of the form of single input single output system. And few results have been obtained for multivariable FO PID controller design for the FO systems, especially when the parameters of the FO system is interval uncertainties. Therefore, it is highly make sense that developing methods to determine the parameters of the FO PID controllers for FO multi-inputs multi-outputs high order systems. The above all motivate this present study.
This paper investigates the problem of multivariable FO PID controllers for the FO systems with interval parameters. The purpose is to transform the problem of FO PID controller design to that of static output feedback (SOF) controller design for a FO system with interval parameters in descriptor form. The PID gains can be found when the SOF control problem is solvable. Based on linear matrix inequality, explicit expression of the desired FO PID controller is given. To our best knowledge, this MIMO FO PID controller design framework is brand new in fractional order control literature [31] .
Notations: Throughout this paper, for real symmetric matrices X and Y, the notation X ≥ Y (respectively, X > Y ) means that the matrix X − Y is positive semidefinite (respectively, positive definite). The notation M T represents the transpose of the matrix M. I n×n denotes the n × n identity matrix. In symmetric block matrices, " * " is used as an ellipsis for terms induced by symmetry. Matrices, if not explicitly stated, are assumed to have appropriate dimensions. Sym(X) denotes the expression X + X T .
PRELIMINARIES AND PROBLEM FORMULATION
In this paper, we adopt the following Caputo definition for fractional derivative, which allows utilization of initial values of classical integer-order derivatives with known physical interpretations [5, 23] 
where n is an integer satisfying n − 1 < α ≤ n.
Considering the following fractional-order (FO) LTI systems with interval parameters:
where α is the time fractional derivative order. x(t) ∈ R n is the state, u(t) ∈ R m is the control input, y(t) ∈ R s is the measured output. The system matrices C is known real constant matrices with appropriate dimensions; A, B are interval uncertainties in the sense that
To deal with the interval uncertain, we introduce the following notations:
It can be seen that all elements of ∆A and ∆B are nonnegative, so we can define
, where e n k ∈ R n and e m k ∈ R m denote the column vectors with the kth element being 1 and all the others being 0. Also, denote
. . , n, j = 1, . . . , m} . Here, for A I and B I , we have the following lemma: Lemma 1. [15, 16] : Let
Now, we consider the following PID controller for the FO system (2) -(3)
where K i (i = 1, 2, 3) are constant matrices to be determined.
Based on system (2) - (3), and using similar idea of [29] , we introduce a new state variablê
and let the new output bê
Then system (2) - (3) with (4) is transformed into the following static output feedback control system:
where
The closed-loop system can be obtained as
Our objective is to find a systematic way to determineK, given α, A 0 , B 0 , C, D A , D B , E A , and E B such that the closed-loop system is stable.
MAIN RESULTS
In this section, we give a solution to the stability analysis and the fractional-order (FO) static output feedback control problems formulated in the previous part. We first give the following results which will be used in the proof of our main results. 
Lemma 3. [13] : For any matrices X and Y with appropriate dimensions, the following holds
for any ε > 0. Now, we are in a position to present a solution to the SOF control problem for singular FO system (5)-(6).
First, we will present a solution to the stability analysis for FO systems (5) with u(t) = 0 and the order 1 ≤ α < 2. Lemma 4. : The uncertain singular FO system (5) with input u(t) = 0 and 1 ≤ α < 2 is asymptotically stable if there exists real matrix P and scalar constants
wherê
Proof. By applying Lemma 2 to the conic sector with apex at the origin and inner angle 2θ, according to [7] , which means letting β = sin θ − cos θ cos θ sin θ in Lemma 2. We can obtain the following stability results for singular FO system (5)
Then, from Lemma 3, one can have
Using the Schur complement of (9), one obtains the above matrix inequality.
Based on Lemma 4, the stability condition for the closedloop system (8) is given in the following theorem. Theorem 1. : Given the controller gain matrix K and scalar constant ǫ 2 > 0. The system (8) with order 1 ≤ α < 2 is robustly asymptotically stable, if there exists real matrix
Proof. The FO-LTI interval system (2)- (3) is asymptotically stable under the PID control scheme (4) if the singular FO system (8) is asymptotically stable. This is equivalent to that there exists a matrix P ∈ R n×n , such that
Using the similar process in Lemma 4, we can get 
Taking (12) into account and using the Schur complement, one obtains the above inequality immediately. Therefore, by Lemma 4, the FO-LTI system (8) is asymptotically stable. This completes the proof.
The FO static output feedback control problem for FO systems (8) with order 1 ≤ α < 2 is presented in the following Theorem. Theorem 2. The FO systems (8) with order 1 ≤ α < 2 is asymptotically stable, if there exist the matrices P, N and positive scalar constant ǫ 2 , the following conditions are satisfied
Furthermore a desired FO state output feedback controller is given in the form of (5) with parameter as follows:
Proof. First, pre-and post-multiplying the LMI (15) by diag(I, I, ǫ 
Then, replacing N in (19) byKM, we can obtain  Φ 1Φ2Φ3 * −ǫ −1
wherẽ
Pre-and post-multiplying the LMI (21) by diag(P, P, I, I) and diag(P T , P T , I, I), respectively, then we have:
On the other hand, pre-and post-multiplying the LMI (16) by P and P T , respectively, then we have (13) .
Finally, by Theorem 1, the FO systems (5) with order 1 ≤ α < 2 is asymptotically stable under the control scheme (7) with the controller gain in (18) . This completes the proof.
SIMULATION
Consider the FO PID control problem for the fractionalorder (FO) systems (2)-(3) of order 1 ≤ α < 2 with the following parameters:
and the PID controller of the form (4). Under our approach, the resulting SOF control system is formulated as in the following (15)- (16), we can obtain the solution. After some calculating, we can obtain M from (17) , and then the original stabilizing PID gain can be found.
Then, we use the designed FO PID controller with the parameter K 1 , K 2 , K 3 obtained to control the system (2) - (3) with the parameters as in (22) , the initial state is x 0 = 0.1, and the referenceis a unit step signal. The resulting system response x(t) with different α are presented in Fig. 1 . From the simulation result, we can see that the designed FO PID controller is effective.
Furthermore, if A 0 , B 0 , C are matrices, our descriptor method provided in this paper is applicable to design a robust stabilizing FO PID controller.
CONCLUSIONS AND FUTURE WORK
The problem of multivariable fractional-order (FO) PID controllers for the FO systems with interval parameters is discussed. By transforming the problem of FO PID controller design to that of static output feedback (SOF) controller design for a FO system with interval parameters in descriptor form, the PID gains can be found when the SOF control problem is solvable. In terms of linear matrix inequality, explicit expression of the desired FO PID controller is given. Finally, a numerical simulation shows that the proposed method is effective.
Out on-going work is on incorporating the performance index into the MIMO FO PID controller design such as H ∞ or H 2 and experimental studies.
